Abstract. This note should clarify how the behavior of certain invariant objects reflects the geometric convexity of balanced domains.
Introduction and results

By
Recall that D is said to be balanced if λz ∈ D for any λ ∈ D and any z ∈ D. Denoting by h D the Minkowski function of D, i.e., h D (z) = inf{t > 0 : z/t ∈ D}, z ∈ C n , then D = D h = {z ∈ C n : h D (z) < 1}.
We point out that D is pseudoconvex if and only if log h D is a plurisubharmonic function. Set h D = h b D , where D is the convex hull of D. Let us summarize some well-known facts about relations between h D , h D , and the functions from above, where one of their arguments is the origin.
is maximal if and only if D is "convex in the direction of a", i.e., h D (a) = h D (a). In fact, more is true as the following result shows. * Proposition 2. Let D ⊂ C n be a balanced domain and a ∈ D. Then
Remark. We do not know if the number 3 can be replaced by 2. Conversely, one may ask whether the fact that l D (0, a) (l D as above) is "minimal" (i.e., l D (0, a) = h G (a) for some domain G containing D) implies also some convexity property. Here we start with the following result.
Proposition 3. Let D ⊂ C n be a bounded balanced domain and G ⊂ C n be a pseudoconvex balanced domain with G ⊃ D. Assume that h D is continuous at some a ∈ D and G contains no nontrivial analytic discs
Remarks. (a) Since the envelope of holomorphy E(D) of a balanced domain D is balanced (see [2] , Remark 3.1.2(b)), one may apply the above result for D and E(D).
(b) If h G is continuous near a and ∂G contains no nontrivial discs through a/h G (a), then the maximum principle implies that G contains no nontrivial analytic discs through a/h G (a), too. The following examples show that the assumptions about continuity of h D at a and discs in Proposition 3 are essential.
On the other hand, D 2 contains no nontrivial analytic discs through any point of ∂D × ∂D.
Moreover, the following example gives a balanced Reinhardt domain D such that G = E(D) = D has nontrivial analytic discs in its boundary for which Proposition 3 fails to hold. Note that in this case h D and h G are continuous functions.
Example 5. Let 0 < a < 1 and
Then D is a balanced Reinhardt domain and
For a balanced domain D and a ∈ D set
Assuming minimality along the whole slice Proposition 7. Let D ⊂ C n be a bounded pseudoconvex balanced domain, a ∈ D and m ∈ N. Assume that h D is continuous at a and ∂D contains no nontrivial analytic discs through a/h D (a). Then
Remark. We do not know if the condition about discs is superfluous or not. On the other hand, continuity and pseudoconvexity are essential as Examples 4 and 5 have shown (see also Example 9 below). Recall that a boundary point b of a domain D in C n is said to be a local weak barrier point if there are a neighborhood U of b and a negative plurisubharmonic function u on D ∩ U such that lim D∋z→b u(z) = 0.
Proposition 7 is a consequence of the following Proposition 8. Let b be a local weak barrier point of a bounded domain
We point out that the assumption about tautness is essential in Proposition 6 as the following examples show. 
Proofs
Proof of Proposition 2. We have only to prove that
First, we shall show that
We may assume that h D (a) = 0. Taking the disc D ∋ t → ta/h D (a) as a competitor fork D (λa, a) gives
where p denotes the Poincaré distance. This and the inequality
and the opposite inequality always holds. It follows from (1) that
On the other hand, by Proposition 2 in [4] , this limit does not exceed
Proof of Proposition 3. We have only to prove that
and α j → h G (a) be such that ϕ j (0) = 0 and ϕ j (α j ) = a. Writing ϕ j in the the form ϕ j (λ) = λψ j (λ), ψ j ∈ O(D, C n ), it follows by the maximum principle that h G • ψ j ≤ 1 and hence ψ j ∈ O(D, G). Since D is bounded, we may assume that ϕ j → ϕ ∈ O(D, D) and then ψ j → ψ ∈ O(D, G). On the other hand, since G contains no nontrivial analytic discs through ψ(h G (a)) = b, where b = a/h G (a), it follows that ψ(D) = b. Using that h D is continuous at b, we get that
Letting λ → 1 leads to h D (b) ≤ 1 which is the desired inequality.
Proof of Example 4. We have only to prove that 
It is enough to prove thatk D (0, a) ≤ |a 1 | for a = (a 1 , a 2 ) ∈ D, a 1 = a 2 , |a 1 | ≥ |a 2 |. For this, take the discs ψ(λ) = (λ, λa 2 /a 1 ) as a competitor fork D (0, a) .
On the other hand, if a 1 = (0, b) and
Indeed, using the Möbius transformation
, we get that a 2 ). To get the same for |b| = 4/5, it is enough to take rϕ, r ∈ (0, 1), as a competitor fork * D b
(0, a) and then to let r → 1. a 2 ). Then we may find discs ϕ j ∈ O(D, D b ) such that ϕ j (0) = 0 and ϕ j (α j ) = a, where α j → b. It follows by the Schwarz-Pick lemma that ϕ j → ϕ. On the other hand, ϕ(D) ∩ {(ψ b (λ), λ) : 1/2 < |λ| < 1} is a singleton which contradicts to Hurwitz's theorem.
(b) Note that (a) shows that Theorem 3.4.2 in [1] is in some sense sharp. On the other hand, this theorem implies that, if
Proof of Example 5. We have only to prove thatk *
Note that this inequality is true for x = 0. Using that x ∈ (0, 1) and d ∈ (0, a), it suffices to prove that
which is equivalent to the obvious inequality (x − a) 2 (ax + 1) ≥ 0. 
Proof of Proposition 6. It is enough to show that if
In our case this implies that h D (ã k ) → 1 and hence h D (a/h(a)) = 1.
Proof of Proposition 8. We shall proceed by induction on m. For this, we shall need the following. Assuming Lemma 11 easily implies that Proposition 8 is true for m = 1. Suppose that this statement is true for some m − 1 ∈ N but false for m. Then we may find z ∈ D and sequences (
In virtue of our induction hypothesis one has that z m−1,k → b. Passing to a subsequence, we may assume that z m−1,k → a ∈ D, a = b and (k D (z m−1,k , z m,k )) * → r < 1. Then there are ϕ k ∈ O(D, D) with ϕ k (0) = z m,k , ϕ k (r k ) = z m−1,k and r k → r which contradicts Lemma 11.
Proof of Lemma 11. Since D is bounded, it is easily seen that for any neighborhood U of b there is another neighborhood V ⊂ U of b and a number s
Now we choose U such that there is a negative plurisubharmonic function u on D ∩ U with lim D∋z→b u(z) = 0. Applying Proposition 3.4 in [3] implies that b is a t-point for D ∩ D which means that ( * ) (ϕ j | sD ) is compactly divergent w.r.t. D ∩ U. Assume now that (ϕ j ) does not converge to b. Passing to a subsequence, we may assume that ϕ j → ϕ ∈ O(D, D) and ϕ(D) = {b}. It follows by ( * ) that ϕ(sD) ⊂ ∂(D ∩ U). Since ϕ(0) = b ∈ ∂D ∩ U, we may find s ′ ∈ (0, s] such that ϕ(s ′ D) ⊂ ∂D. Using that ∂D contains no nontrivial analytic discs through b, we get that ϕ(s ′ D) = {b} which contradicts the identity principle.
Proof of Example 9. J. Siciak (cf. [1] , Example 3.1.12) constructed a plurisubharmonic function ψ : C 2 → [0, ∞) such that ψ(λz) = |λ|ψ(z) (λ ∈ C, z ∈ C n ), ψ ≡ 0, but ψ = 0 on a dense subset S of C n . Set D = {z ∈ C 2 : ||z|| + ψ(z) < 1}.
For any a ∈ D we may choose a sequence S ∩ D ⊃ (z k ) → a. Then
Letting k → ∞ gives k 
